Journal of Statistical Physics, Vol. 85, Nos. 5/6, 1996

Quantum Chaotic Dynamics and Random
Polynomials

E. Bogomolny,' O. Bohigas,' and P. Leboeuf’

Received December 18, 1995; final April 5, 1996

We investigate the distribution of roots of polynomials of high degree with ran-
dom coeflicients which, among others, appear naturally in the context of “quan-
tum chaotic dynamics.” It is shown that under quite general conditions their
roots tend to concentrate near the unit circle in the complex plane. In order to
further increase this tendency, we study in detail the particular case of self-inver-
sive random polynomials and show that for them a finite portion of all roots lies
exactly on the unit circle. Correlation functions of these roots are also computed
analytically, and compared to the correlations of eigenvalues of random
matrices. The problem of ergodicity of chaotic wavefunctions is also considered.
For that purpose we introduce a family of random polynomials whose roots
spread uniformly over phase space. While these results are consistent with ran-
dom matrix theory predictions, they provide a new and different insight into the
problem of quantum ergodicity Special attention is devoted to the role of sym-
metries in the distribution of roots of random polynomials.

KEY WORDS: random polynomials; chaotic dynamics, quantum mechanics;
semiclassical approximations, random matrix theory.

1. INTRODUCTION

Semiclassical approximations for multidimensional quantum systems and
the manifestations of chaotic behavior in quantum mechanics have attrac-
ted wide attention in recent years (see, e.g., refs. 1 and 2 and references
therein). In these approximations one quite often needs to locate the roots
of polynomials of high degree whose coefficients are rapidly varying erratic
functions of the energy. As a consequence, these coefficients may be con-
sidered as random variables, even in a small energy interval. Though the
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distribution of roots of polynomials with random coefficients has been
studied (see, e.g., refs. 3-5), its relevance with respect to the specific
problems which naturally arise in the context of quantum chaotic dynamics
(and in other domains of physics as well) has been underestimated, and a
number of elementary and basic questions have not yet been solved.

The main purpose of this paper is to study properties of random poly-
nomials with emphasis on the above-mentioned connection. A short ver-
sion containing some of our results has been published.'®’ Except for some
general symmetry considerations, the coefficients of the polynomials will be
considered independent random variables. This assumption is In some
cases justified with physical arguments, and in others just made because of
mathematical simplicity. Our investigations could have direct application
in other fields. In fact, zeros in the complex plane of polynomials with ran-
dom coefficients occur in a variety of problems of science and engineering
(zeros of the partition function in statistical mechanics, theory of noise,
etc.). The present investigation may also be of interest if one views zeros of
polynomials as interacting particles in two dimensions, as, for instance,
eigenvalues of random asymmetric matrices can be physically interpreted
as a two-dimensional electron gas confined in a disk.”®

The use of a statistical approach in the description of complex systems
is an old idea. In particular the random matrix theory (RMT), originally
formulated in the context of nuclear physics, has had great success and
impact in the study of quantum chaotic dynamics® and disordered
systems.'"*®" As will become clearer in the following sections, the statistical
analysis of these systems by random polynomials is, in some sense, com-
plementary to the RMT.

In Section 2 we consider general random polynomials of degree N
whose coefficients are independent random variables having zero mean. We
shows that under quite general conditions their roots tend to concentrate
in an annulus near the unit circle of the complex plane, and that the width
of this annulus goes to zero as N — oo. In ref. 3 this result was proved by
a different method for the particular case when all second moments of the
coefficients are equal. Our method, based on the existence of a saddle point
configuration, seems to be more general and physically transparent.

Aside from Section 2, which constitutes a general introduction, the
paper can be divided into two main parts (Sections 3 and 4) which are to
a large extent independent. In Section 3 we investigate the important case
of self-inversive polynomials, namely polynomials whose coefficients satisfy
Eq. (3.6) below and whose roots are hence distributed symmetrically with

2 We will use this expression to avoid the more proper but lengthy term “quantum mechanics
of a classically chaotic system.”
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respect to the unit circle. This type of polynomial appears when considering
either the semiclassical quantization via the transfer-operator method‘'” or
quantum maps.''"-'?) We prove that for them a finite fraction of the roots
lies exactly on the unit circle. Moreover, we compute analytically the two-
point correlation function of these roots. We find that there « is linear
repulsion between them at short distances, and compare to the Gaussian
orthogonal ensemble of RMT.!'* ¥ The possibility of locating in a statisti-
cal sense all the roots on the unit circle is also discussed.

In Section 4 we consider the properties of eigenfunctions of chaotic
systems and their relation with the classical concept of ergodicity, in the
spirit of refs. 15 and 16. Using a phase-space representation, we write down
the eigenfunctions of spin systems in a polynomial form and consider the
coeflicients to be random. We then analyze how the roots of these polyno-
mials are distributed in phase space. The second moments of the coef-
ficients now grow with N so fast that the resulting distribution of roots
turns out to be uniform over the phase space, a sort of quantum ergodicity.
We moreover compare this result with the predictions concerning the coef-
ficients of the eigenfunctions of a random matrix ensemble.

It turns out that the existence of a symmetry of the roots with respect
to a line increases considerably the probability of finding roots exactly on
that line. In Section 4.2 we consider the influence of symmetries on the dis-
tribution of the roots of chaotic eigenstates. For that purpose we analyze
the eigenfunctions of a certain quantum map having two antiunitary sym-
metries and show numerically that their roots tend to concentrate over the
associated phase-space symmetry lines. We also investigate how this
phenomenon disappears as the symmetries are broken.

In the appendices we explain in detail our computations.

2. SOME GENERAL PROPERTIES OF RANDOM POLYNOMIALS

Given a distribution function
J@(ao,al,..., ayydlayd’a,---d*ay (2.1)

for some complex coefficients {a,}, we are interested in the distribution in
the complex plane of the roots {z,}, k=1,.., N, of the polynomial

P(Z)=ag+ayz+a,z>+ - +ayz" (2.2)

For clarity, we consider the particular case where the real and imaginary
parts of the coefficients {a,} are independent, normally distributed,
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real-valued random variables with zero mean and standard deviation o,
(henceforth denoted as a GRI distribution)

_ Moo la.|?
D(ag,. ay) =[] sexp| — (2.3)
k=0

2 2
2no;, 20;

The joint probability density for the zeros is obtained by changing from the
variables {ay, a,, a,,..,ay} to the variables {a,, z,, z,,.., Zy} using the
standard formulas

an_r=(—1)*ayu2), k=1,.,N

uz)= Y 2426 24
l=i1<ih< - <ig=N

and integrating over a,, with the result

. ooy DN(Z)
D1 20 = O e (2.4)
where
NI 2
CN=FkE[0’7k’ m-=<a;‘v’ik>
N
Gy(z)=1+ Z i lul )2 (2.5)

k=1

Dy(z)= 1_[ |Zj_zk|2

Jj<k
The factor D y(z) comes from the Jacobian of the transformation.
Some properties of this distribution are:

(i) If for all k, o, =0, then 9(z,,..,, zy) is independent of ¢. This is
a consequence of the fact that the roots of P(z) are unchanged by multiply-
ing P(z) by a constant.

(i) 9(z,,.., zy) i1s invariant under a rotation of the coordinates in
the complex plane, ie.,

D(z),s 2) =D (2,€%,..., Zye™)

(1) If oy_, =0, then 2(z,,.., z») is invariant under inversion with
respect to the unit circle € in the complex plane,

D2\ sy 23) = D)7 o 1/Z5)

where the bar means complex conjugate.
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In order to find the most probable distribution of roots, we have to
locate the maximum of 2. The equation for the extrema dlog %/dz,=
can be transformed into the following form:

a du,, _
Z My Uy dT _gpuk = &p> p=1a’N (26)
k=1 “r

where
1 1
&= 252

. zZ, —Z;
jEp P %

One can easily check that the following configuration is a solution of these
equations:

2
2 =rpyexp <iﬁnk+i¢>, k=1,.,N (2.7)

<N—1>1/2N<0'0>1/NN—>C¥3 - 1 1n<00)
FPa=| —— R — ~ — -
VTAN43 ON N \oy

We will refer to this configuration as to the crystal solution. To prove that
it obeys Eq. (2.6), we remark that the z, given by Eq. (2.7} are solutions of
the equation z=const, and therefore for this solution all u, with
k=1,2,., N—1 vanish and Eq. (2.6) reduces to

where

du
nNuNK—d,N)—gpﬁN] =g, pP=L..N (2.8)
P

But duy/dz,=uy/z, and g,= C/Z,, where

1! 1 1(N-1)

C=N+1 j; 1 —exp(i2nj/N) 2 (N+1)

Then Eq. (2.8) becomes
Iy lun?(1-C)=C

using the definitions of 5y, uy, and C, the reader can verify that this equa-
tion is satisfied. Therefore all Egs. (2.6) for p = 1,..., N will be fulfilled by the
crystal solution (2.7).
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It follows that [except in the case of an exponential (or faster)
dependence of o4/, on N] in the limit N — co the radius r, tends always
to one. Moreover, the phase ¢ in Eq. (2.7) is arbitrary because of the
property (ii). In the particular case o,=0y, » 15 equal to one, as it must
be according to property (iii).

The existence of the crystal solution implies that the distribution of
roots Z(z,,.., =) will always have an extremum on the line |z} =r,. But
the actual distribution of roots in the complex plane depends, however, on
the second derivatives of log 2. There is a direct connection between their
magnitude and the dominance of the crystal solution. For example, putting
a a,=0y and choosing all the other ¢’s such that Ny, -0 (k=1,.., N—1)

||

- NP B - El,,, A -
-2 0 2 -2 0 2

Fig. 1. Distribution in the complex plane of the roots of random polynomials. In all cases
we have superimposed the roots of 200 different trials of a polynomial of degree N = 48 whose
coeflicients obey a GRI distribution all having the same second moment 6. (a) Standard ran-
dom polynomial with all its coefficients complex and independent. {(b) SI random polynomial
with complex coeflicients; only hall of the coefficients are random, the other half being deter-
mined by complex conjugation. (¢} Standard random polynomial with real coefficients. {d) SI
random polynomial with real coeflicients.
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as N — oo, one concludes that the crystal solution will not dominate the
distribution since the intermediate terms in the denominator of (2.4)
automatically cancel, independently of the crystal solution. An extreme case
of this behavior is what we call, for reasons which will become clear later,
the SU(2) polynomials, for which ak/aN=\/Cf’,‘\,, where C%, are Newton’s
binomial coefficients. As we shall see in Section 4, for these polynomials the
roots spread all over the complex plane.

On the contrary, the case Ny, — oo enforces the crystal solution, since
the factors w, in the denominator of (2.4) are multiplied by an increasing
function of N. We shall consider in more detail several cases of this type in
the next sections.

These simple considerations show that under quite general conditions
the roots of random polynomials of high degree for which the mean value
of the coeflicients is equal to zero will tend to concentrate near the circle
|z| = 1. In order to illustrate this with a numerical example, in Fig. 1a we
plot, in the complex plane, the roots of 200 trials of a polynomial of degree
N =48 whose coefficients are GRI-distributed all having the same second
moment. The observed distribution clearly satisfies the properties (ii)
and (ii1).

On the other hand, it can be easily proved that if the mean value of
the coefficients is nonzero, the roots tend to concentrate around the roots
of the mean polynomial.'*’

3. THE SELF-INVERSE SYMMETRY

As shown in the previous section and as illustrated in Fig. la, in the
large-N limit and under certain circumstances the roots of random polyno-
mials tend to concentrate around the unit circle, but not, in general, on it.
We now want to study some simple conditions to be imposed on the
coefficients of a random polynomial in order to locate as many zeros as
possible exactly on the unit circle. Among other areas of physics and
mathematics, this problem is of interest in the context of semiclassical
approximations in quantum mechanics because of the following reasons.

Some recent methods to solve quantum problems incorporate the
physical information into a transfer operator 7" which is an N x N unitary
matrix.!'®" The operator 7 has N complex eigenvalues {z,}, k=1,.., N,
lying on the unit circle € of the complex plane, which are determined by
the roots of the characteristic polynomial

N
P(z)=det(z—T)= ), a,z* (3.1

k=0
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The eigenvalues are functions of the energy of the system, z, = z,(E), since
T is a function of E. They move on € as E is varied, and the quantization
condition, which takes the form of a Fredholm determinant, states that
whenever one of the roots crosses the point z=1, then the corresponding
energy is an eigenvalue of the system

det(l — T(E))=0 (3.2)

A similar equation but with no energy dependence is obtained when con-
sidering the quantization of maps, where T is now the one step unitary
evolution operator of the map."'"? Since 7 is a finite matrix, it has N non-
trivial invariants which can be chosen either as the coefficients {a,} of the
characteristic polynomial or as the traces of the first N powers of T,

N
M, =Tt THE)=Y £, L=0..N (3.3)
k

k=1

One can express one set of invariants in terms of the other set by means
of the following recurrence formula:
1 k
aN_k=—'1; Z aN_k+ij, k=1,...,N (3.4)

j=1

with a, =1 by definition of P(z). These relations are of interest because in
the semiclassical limit N — oo one can express the traces of the powers of
T as an amplitude sum over the classical periodic orbits

M, ~ 3 A(E)exp[iS(E)/h—inu,/2] (3.5)

HL)

Here, y(L) are all the periodic orbits corresponding to L iterations of the
initial map at energy E (including repetitions), S,(E) is the action of the
periodic orbit, x, is the Maslov index, and 4 (E) is a real function depend-
ing on the stability of the orbit. Inserting (3.5) into (3.4), we obtain a semi-
classical approximation for each coefficient @,, now written in terms of
sums over all the periodic orbits up to period k [the special combinations
between them given by Eqs. (3.4) are called pseudo-orbits]. To compute all
the coefficients, all the periodic orbits up to period N are needed.

Since the action S,(E) is a function of the energy, in the semiclassical
limit the moments are rapidly varying functions of the energy and the coef-
ficients @, are sums of products of these rapidly varying functions. It thus
seems natural to adopt a statistical approach and to consider these coef-
ficients as random variables. This way of proceeding differs from the usual
statistical approach to complex systems in which, instead of the coefficients
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of its characteristic polynomial, the matrix elements of a relevant operator
are assumed to be random.

There is, however, an intrinsic difficulty when approximating the coef-
ficients of the characteristic polynomial by Egs. (3.4) and (3.5), or more
generally when considering them as independent variables. We are ignoring
the correlations existing among them that guarantee the unitarity of 7.
(Without correlations and, as was pointed out in Section 2, the roots will
lie close to %, but not on it.) A consequence of this is that the eigenvalues
of T are no longer located on %, and Eq. (3.2) fails to determine the full
spectrum (typically, some of the eigenvalues are missed).

It may therefore be useful to find some simple conditions to be
imposed on the coefficients {a,} in order to restore—at—least par-
tially—the unitarity of T. A necessary but not sufficient condition is the
self-inversive (SI) property

ay_p=exp(i®@) d, (3.6)

which can easily be obtained from Eq. (3.1) by factorizing the polynomial
and making the substitution z, =exp(if,). Here @ is a real function of the
energy, @ =aN+YY_, 0,(E). In the semiclassical limit''®

6 ~ nN(E)

where N(E) is the mean number of levels with energy less than E. Polyno-
mials obeying Eq. (3.6) satisfy a functional equation

P(1/2)=e~"®P(z)/z" (3.7)

It follows from this equation that the symmetry (3.6) of the coefficients is
reflected in a symmetry of the zeros: if z, is a root, then 1/%, is also a root,
i.e., the roots either lie on % or are symmetrically located under inversion
with respect to it.

From the semiclassical point of view, the advantages of imposing the
self-inversive symmetry are twofold: first because it implements, in a simple
manner, part of the unitarity of T'; and second because it lowers the num-
ber of periodic orbits to be computed. In fact, we only need to know the
periodic orbits up to the period N/2 instead of N, since we only need to
compute half of the coefficients (the others being determined by symmetry)
(see, e.g., refs. 17 and 12).

3.1. The Fraction of Roots Lying on ¢

Since it is a necessary but not sufficient condition, we do not know,
however, how many zeros are located on the unit circle by the SI symmetry.



648 Bogomolny et al.

In order to answer this question, we compute the fraction of zeros lying on
% for SI polynomials of the form (remember that ay=1)

N-1
P(z)=1+ Y az*+:z" ay_,=a, (3.8)
k=1
and consider the coefficients {a,}, k=1..., (N—1)/2 as GRI distributed
complex variables with arbitrary variances ;. For simplicity we consider
the particular case @ =0 and consider N to be an odd integer, without loss
of generality. By substitution of z =exp(i8) in (3.8), SI polynomials trans-
form into real trigonometric polynomials:

e —-iNl]/ZP( ei(l)

f0)=

cos (X0} § Joneo|(Yt)o] v asn (2-k)o]} e

where M =(N —1)/2, ¢, =Re(a,), and d,, =Im(a,). The zeros of P(z) lying
on % correspond now to the real zeros of the real function f(6).
The average fraction of zeros lying on ¥ is defined as

N | —

1 2n
> =g [ <ot6) o (3.10)
where {(p(8)) is the average density of zeros on €,
p(O) =) 6(0—6,)=38[f(6)]f'(6) (3.11)
k

(Primes indicate derivative with respect to 8.) To compute {p(#)>. we use
the method of Kac,"®’ which exploits the following representations of o[ /]
and |f'|:

o dE . = ] o
o= sees 1= Sha-eny o

The advantage of such representations is that, when performing the ensem-
ble average over the coefficients

{p(6)> =J@((l0, Aqryay) p(0)d?ay---d?ay (3.13)

the exponentiation of f and f’ (which are linear functions of the {a})
allows an easy computation of the integrals.
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The computation of {(p(#)) and {v) for arbitrary N and arbitrary
second moments {o.} is straightforward but lengthy, and we give it in
Appendix A. Here we give the result for the particular case of constant
second moments ¢, = ¢ Yk and in the limit N — oc [see Egs. (3.20), (3.28)
below for the exact answer for arbitrary N and arbitrary variances in the
case of an SI polynomial of the form (3.19)]. We find that, to leading order
in 1/N, the average density of roots depends on ¢ through the scaled
parameter ¢ =g,/ N, with the result

N N 1 N
{p(6)> :—exp[—cos2 <—0>/sz]{ sin (—0)’
2 2 \/7_[6 2

+ - \l/g LI dx exp [ —3sin’ <—];—/ 0)/(ax)2:|} (3.14)

Integration over 8 gives

| VAL -
ey = [ gy e
2 =2
1 v 1 , 3sin’g
+7z\/37jo dx jo do exp [ - = (cos @+ pe )] (3.15)

To understand these results, consider first the limit ¢ — 0. In this case, the
coefficients {a,} tend to have a very narrow distribution centered around
zero, and the polynomial (3.8) is well approximated by

e—0

P(z) ~ 142V

The roots of this polynomial are given by Eq. (2.7), with ry=1 and
¢ =mn/N. This is indeed the behavior recovered from Eqgs. (3.14) and (3.15).
In (3.15), when £¢—0 the first term in the rhs. tends to one, while
the second tends to zero, implying <{v)>=1. Moreover, in (3.14)
exp[ —cos*(1 NO)/e?] -0 for any 6 except at 6O=(2n/N)k+1),
k=0,.,N—1, where we get a delta peak, in agreement with the crystal
distribution.

In the other extreme, when & — oo, we can neglect in (3.8) the term
1 +:z¥ and

N-—-1
P(2) > Y apzf,  ay_p=dy (3.16)
k=1

§22/85/5-6-10
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In this limit, the first term in the r.h.s. of Eq. (3.15) tends to zero, while the
double integral of the second term tends to =, and therefore

CO RERING (3.17)

while from (3.14) we recover a uniform density

(3.18)

)y =~ 7”\/

Equation (3.17) answers the question of how efficient the SI symmetry
is for locating roots of a random polynomial on 4. We observe that indeed
it has a strong effect on the distribution of roets, since it manages to locate
a fraction 1/\/3 ~ 57% of the roots exactly on the unit circle. (For a dif-
ferent proof of this result see ref. 18.)

Figure 1b shows the superposition of the roots of 200 iterations of an
N =48 self-inversive polynomial with all the second moments equal. The
total number of zeros is the same as in Fig. la; the strong concentration of
roots on € 1is stressed in that figure by the reduction of the black intensity
outside 4.

Figure 2 displays the fraction of points lying on % as a function of ¢,
Eq. (3.15). For small ¢ we observe the existence of a plateau, which can be

|||||||xr‘r||lvvvvvnnn

<vu> |

1/V3[

L

0 0.6
€

Fig. 2. The asymptotic average number of roots lying on the unit circle % for an SI random
polynomial of the form (3.8) as a function of the parameter s=o'\/}v.
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interpreted in the following way. At ¢ =0, as we said before, the roots coin-
cide with the crystal lattice and (v) =1. When ¢ increases, and since the
zeros are analytic functions of that parameter, they cannot immediately
move outside ¥ because this would violate the self-inversive symmetry
(zeros come in symmetric pairs with respect to 4). The only way they can
get out of % is to first move along % until two roots become degenerate
and then split in the radial direction, one zero moving in the positive radial
direction, the other toward the origin. The size of the plateau can be
estimated as the typical perturbation needed to produce a coalescence of
two roots starting from the crystal solution.

It is instructive to compare our results to an analogous result due to
Kac.””’ He considers the case of polynomials with real coeflicients {a;}
having a GRI distribution with all the second moments equal. These poly-
nomials satisfy the functional equation

(the roots lie either on the real axis or come in symmetric pairs under
reflection with respect to i1t). He computes the fraction of real roots and
finds a much smaller effect of the symmetry as compared to Eq. (3.17),
since he shows that {(v> ~In N/N as N— oo (he also considers the dis-
tribution of the zeros on the real axis)."”’ A numerical simulation of the dis-
tribution of roots of random polynomials with real coefficients is shown in
Fig. lc. The weak concentration of roots on the real axis can be
appreciated in the figure from the fact that the density of points surround-
ing % is essentially unchanged as compared to Fig. la. For completeness,
we plot in Fig. 1d the distribution of roots of 200 trials of N =48 SI poly-
nomials with real coeflicients. See also Section 4.2 for an analogous result
concerning SU(2) polynomials.

To conclude this subsection, let us point out that there is a simple way
to put «ll the roots of a self-inversive polynomial on the unit circle 4 (in
a statistical sense). In Appendix A we prove that the general tormula for
the fraction of roots lying on % for SI polynomials of the form

N
P(z)= ) a.=*, Ay =0d; (3.19)
k=0

where the {a,} are complex GRI distributed variables, is given by

_2 52)”2 320
o N(gl (3.20)
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where

vz (N=12 /N 2
&= Y O &= ) <——k> o (3.21)

k=1 k=1 2

This is an exact formula valid for arbitrary N and arbitrary variances o}
of the coefficients. The particular case of equal variances is explicitly writ-
ten in Eq. (3.28) below. This result was also obtained recently in ref. 19,
where the reader can also find a geometrical interpretation of it. Consider
now the parametrization

Uk = k.\'
where s is an arbitrary real number. Using the asymptotic expansion
L sz+ |

S

o a+l

+ O(L?), a>—1
from Egs. (3.21) and (3.20) it follows that, to leading order in N,

| 1
§> —= (3.22)

W = DB 2

For s=0 (all the ¢’s equal), we recover the previous result {v) = 1/\/5.
For s » —1/2, then {v) — 1. For s= —1/2 we can estimate the rate of con-
vergence toward {v) =1 as N— o from

L

Z k='~In N+ C+ O(1/N) (3.23)
k=1
(where C is Euler’s constant). Then, from (3.20) and (3.21) we get

3 1 l
<v>:1_4_11n(N/2)+0<N>’ s§=—

(3.24)

N —

The convergence is therefore quite slow (for example, to put 98% of the
zeros on % we need N ~ 3.8 x10'%),

3.2. Correlations Between the Roots

Having determined that the SI symmetry locates, in the large-N limit,
l/ﬂ of the zeros on %, the next relevant question is to determine the
correlations existing between those roots. In particular, we would like to
know if they repel each other or not and how their correlations compare
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to the random matrix theory (RMT). we have therefore computed, using
the same techniques as before, the average two-point correlation function

RAt)=<p(8) p(6+ 7))

for the set of roots lying on % for polynomials of the form (3.19). For this
kind of polynomial the function R,(r) does not depend on 6, since the dis-
tribution of roots is invariant under rotations.

The exact result valid for arbitrary N and arbitrary variances is
presented in Appendix B [Eq. (B.15)]. In the particular case of equal
variances and in the limit N — co, t — 0, Nt — const the two-point correla-
tion function normalized to the square of the mean density (3.18) takes the
form

_ RA(6) 24 { , <B> —
R(o)=—2"_="|pB 2V A2 B 3.25
29) (N2r /3P /C e\ (3:23)

where § = tN/2n and

1 {(né)-_{cos(né)_sin(né)} -/[ ! _sm-(né)' }

T 8(nd)° | 3 7o (nd)” |
1 (n&)z_ sin(zd)
B_—4(m5)3 {cos(né)-k[ 3 1] :
. (3.26)
_ 1sin(zd) [cos(né _sin(no‘)r/[ . _sm'(né)]}
2 7 ) 7 (nd)?
Czl_sm'(rzé)

Figure 3 is a plot of the function R,(d). For short distances there is a
repulsion between the zeros. More precisely, from (3.25) 1t follows that

- o s-0 w
Ry(d) =
10./3

This behavior is reminiscent of the linear repulsion between eigenvalues
obtained for the orthogonal ensemble (GOE) of the random matrix theory,
but with a different slope. However, our computations correspond to
systems without time-reversal invariance, since the coefficients are complex.
We therefore could have expected a quadratic repulsion, as in the Gaussian
Unitary Ensemble (GUE) case. This particular point deserves further inves-
tigation. The long-range behavior shows, on the other hand, pronounced
oscillations.

0
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0.0

0 1 2 3

6/V3

Fig. 3. The asymptotic two-point correlation function R, [ Eq. (3.25)] for the roots lying on
% of SI polynomials with complex GRI-distributed coefficients.

We have also computed numerically the nearest neighbor spacing dis-
tribution for the zeros lying on 4, shown in Fig. 4. This distribution was
investigated in ref. 20, where a recursive procedure for p(J) was developed.
Our numerical results are in agreement with those obtained in that
reference.
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0 15/@2

Fig. 4. Nearest neighbor spacing distribution for the case of Fig. 3.
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0 L V3
Fig. 5. The two-point correlation function K, for the roots lying on % of N =3601 SI poly-
nomials with complex GRI-distributed coefficients and second moments ¢, =k ',

2 3

From the general results of Appendix B, it is also possible to compute
the two-point correlation function for the case o, = k '/, when statistically
100% of the zeros lie on ¥. We now find that the correlations between
zeros tend to be much closer to a crystal-like solution (i.e., strong oscilla-
tions that survive for large values of J) than in the case of constant second
moments. Figure 5 displays the function R,(d) computed analytically from
Eq. (B.15) for a self-inversive polynomial with ¢, =k ~'”? and N =3601; for
such a value of N the fraction of roots lying on ¥ is, from Eq. (3.24),
{v)=09. In the light of the results of Section 2, the emergence of a
crystal-like behavior when o, =k "' is to be expected since in this case
Nite =0 as N - oo.

3.3. The Variance of the Number of Zeros Lying on &

In Section 3.1 we have established that SI polynomials of the form
(3.19) have asymptotically on the average a fraction {v) = 1/\/5 of their
roots lying on € if the complex coefficients {a,} are GRI distributed with
the same second moment. Our purpose now is to compute the asymptotic
behavior of the variance of that average fraction, defined by

oy ={v?) —(v)? (3.27)
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From Egs. (3.20) and (B.16) the exact form of the average number of roots
lying on € for arbitrary N and equal variances is

2/(3N*)\'7 1 1
s R

and therefore

L1
vd —§+§, (3.29)

On the other hand,

1

Py =xm ]| <0 p0) dodo

Z|—

. “:" (p(0) db + jo j R,(0,0') db de'}

0

:L[l_'_ZJZﬂ(Zn—r)Rz(r)d‘[] +0<L> (3.30)
0

N2 \/3 NZ

where we have replaced the average number of roots on % by its
asymptotic value N/\/g and we have also exploited the fact that R,(8, 8')
depends only on the difference 7 between # and #' to express the double
integral as a simple one. Because R,(7) is symmetric with respect to T =,
Eq. (3.30) can be rewritten as

S ~ 4n f"R (t) de

1
S WL

or, again normalizing R,(7) to the square of the asymptotic mean density
Ry7)= Ry0)(N27 /3)?,

v? ~L+Lrﬁz(r)dr (3.31)

_\/§N 37[0

As shown in Fig. 3, in the large-N limit R,(7) has some oscillations on a
scale 7~ O(1/N) and tends to one for larger values of 7. In order to
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separate the contribution to the integral in Eq. (3.31) from the oscillatory
part of R,(t), we rewrite it in the form

T 2n 9 o L
j R(7)d =—j Ry(6, N)d5+_[ Ry(z, N) de (3.32)
0 N 0 2ng/N

where 6 =tN/2n and ¢ is a parameter which is large compare to one but
much smaller than N. In Eq. (3.32) we have explicitly indicated the N
dependence of R,. Asymptotically (cf. Appendix B)

Ry(8, Ny = Ry(6) + O(1/N)
Ry(1, Ny> 14+ 2/N+ O(1/N?)

where R,(6) is given by Eq. (3.25). Therefore, keeping terms up to order
/N,

"R n (7 5 2nq 2n
J-O Rg(T)d‘[._NJ.O Rz(é)d5+n—7+ﬁ
2n q -
="+W<1—fo [I—R:(é)]d5> (3.33)

Because féz(é) tends to one as & — oo, we are allowed to take the limit
g — <o in the integral.
Collecting Eqgs. (3.33), (3.31), (3.29), and (3.27) we finally get

1 2 1
o) L) 334

o <\/§ 3 > N (3:34)
with 4= {5 [1 — R,(6)] d5. We were not able to compute analytically this

integral, and made instead a numerical calculation. We obtained
4 ~0.44733.

4. SU(2) POLYNOMIALS

4.1. A Théorem Concerning the Ergodicity of Wave Functions

In the previous section we were mainly concerned with the problem of
locating on % as many as possible of the roots of a random polynomial and
studying their correlations. This problem concerns in particular the spectral
statistics of asymptotic approximations of chaotic systems. In this section
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we explore a somewhat different and in some sense opposite problem: poly-
nomials whose roots distribute uniformly (at least as N — o0) on certain
surfaces. Our motivation is related to the asymptotic # — Q structure of
quantum eigenstates of classically chaotic systems.

Consider a system characterized by its total angular momentum
J=(J,,J,,J.) whose modulus J is conserved by the dynamics. The motion
of the arrow J in the three-dimensional space can be represented by a point
moving on the surface of a two-dimensional sphere, a Riemann sphere
denoted ., which is in fact the phase space of the system.

The equations of motion for J are such that the representative point
is assumed to move on % in a chaotic way. This is possible if the angular
momentum J is coupled to some external time-dependent field, typically a
magnetic field. The simplest case is a periodic time dependence, which we
henceforth assume. Integrating the equations of motion of J over one
period of the field, we find that the classical dynamics for the point moving
on the surface of the sphere reduces to a discrete map M acting on &,

Jor = (I (4.1)

These equations determine the position of the arrow at time r=n+1,
knowing its position at time = n.

The quantization of such a map introduces a one-period evolution
operator U, the analog of the classical map M:

|l//("+”>=U]|//(")> (4.2)

where |"') defines the quantum state of the system at time ¢ = n. Because
the modulus of J is conserved, then [U, J?] =0 and the Hilbert space is
finite and (2J 4 1)-dimensional. We can choose as a basis of that space the
eigenstates of J_, J. |m> =hm |m), m= —J, —J+1,..., J. In particular, the
eigenstates of the unitary operator U

U,y =e“*[y,>, a=1.,2J+1 (4.3)
can be written as
J
W= > a m)
m=—J

The classical limit of such models corresponds to N=2J— . For
convenience we normalize the radius of the sphere, given by A,/J(J + 1), to
one.
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In order to have a unified semiclassical framework for both classical
and quantum mechanics, it is convenient to introduce a phase-space
representation of the Hilbert space. For that purpose, we project the
eigenstates |, > into SU(2) coherent states |z, 22y (z) = {z|y, ), with
the result (we drop from now on the subscript a)

N

Y(z)= Y JCKaz* (4.4)

k=0

where N =2J, C* are the binomial coefficients, and where we have shifted
to the new label k=m + J.

The complex variable = labeling the coherent states and appearing in
the polynomial (4.4) is connected to the variables (0, ¢) spanning the
Riemann sphere by a stereographic projection of the plane onto the sphere,
z=cot(f/2) ¢”. The function y(z) is therefore an analytic function defined
on the two-dimensional sphere. Because it is a polynomial of degree N, it
has N zeros in that space which completely determine (up to a global nor-
malizing factor) the quantum state.

Our purpose here is to analyze the structure of the eigenstates of U in
a regime where the classical dynamics is dominated by chaotic trajectories;
this means that classically the iteration of a typical initial point covers in
time the entire two-dimensional sphere % in a more or less uniform way.
According to the correspondence principle, in the semiclassical limit the
quantum states of such a system must tend, at least in a weak sense, to the
microcanonical density.*® The simplest asymptotic realization would be a
function ¥(z) whose modulus is uniform over &. This, however, is not an
allowed solution since y(z) has to have N zeros in %, and therefore cannot
be uniform. Moreover, the number of zeros proliferates in the semiclassical
limit. The closest approximation to a uniform density would then be a
function (z) whose zeros spread all over &. This behavior was in fact
already observed in ref. 15 for eigenstates of chaotic systems. In the follow-
ing, we make a precise statement concerning the ergodicity of the distribu-
tion of zeros for such systems. Assuming that the coefficients {a,} in
Eq. (4.4) are GRI distributed, we prove that the zeros of y(z) are indeed
spread all over & and that their distribution is moreover uniform.

Our assumption concerning the coefficients {a,} is motivated by the
random matrix theory. As is well known, the statistical properties of the
spectrum of classically chaotic systems are well described, in the universal
regime, by the results of the RMT.** '3’ Much less explored are the
eigenstates of such systems, i.e., the statistical properties of the coefficients
{a,} for chaotic systems and how they compare to the RMT (some results
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concerning this problem can be found in ref. 25). The invariance under
unitary transformations of the GUE ensemble of random matrices implies
that the joint distribution function for the amplitudes must be

N
Drmria) = (5[1— Z |ak|2:|
|SZ(N+1)I k=0
where |S, | =2r"*/I(n/2) is the surface of an (n — 1)-dimensional sphere of
unit radius. When computing average properties of the zeros of (=), this

distribution is strictly equivalent to a GRI distribution (see ref. 5, p. 6)

1 1Y ,
9((1k)=mexp{—§ 3 |a,\.|~} (4.5)
. “k=0

Thus, the amplitudes {a,} in RMT turn out to be gaussian uncorrelated
random variables.

Assuming this distribution function, our purpose now is to compute
the associated average density of zeros on ., {p(8, ¢))>, and compare it to
the “ergodic” distribution conjectured above. Expressed in terms of the
complex variable -, the density of zeros can be written {see Appendix C)

p(z)=06[¥(:)] lz—w (4.6)

The next step in the computation would then be to exponentiate both
terms in the r.hs. of Eq. (4.6) and compute the ensemble average over the
coefficients. We find, however, that it is not necessary to exponentiate the
Jacobian |dy/d=|* From Egs. (4.4) and (4.6), using the exponential expres-
sion of the delta function and computing the ensemble average, we find, for
arbitrary N, the result

. N_d= N ooou
(p(2)> d —_n(1+|z|2)3_47zsm 0 do de (4.7)

ie., a uniform distribution of the zeros on the Riemann sphere. The proof
of Eq. (4.7) is given in Appendix C.

The result (4.7) constitutes a precise statement concerning the
ergodicity of the (zeros of ) eigenstates of chaotic systems, and makes a
connection between the concept of ergodicity and the RMT. Since the zeros
are genuine wavefunction parameters, their equidistribution constitutes a
stronger statement than just the limiting ergodicity of the Husimi function
(which is a smooth quantity and bilinear in ).



Quantum Chaotic Dynamics and Random Polynomials 661

As already mentioned, Eq. (4.7) holds for arbitrary N. In particular, in
the extreme case N=1 (J=1/2) it means that the single root =, = —a,/a,
of the monomial Y(z) =a,+ a,z is uniformly distributed on the Riemann
sphere if a;, and @, are complex variables having a GRI distribution and
the same second moment. This result can be directly checked from
Eq. (2.3),

5 5 1 1 2 2 2 2
Day, a,) d agd a, =(—2n—)2?exp {— 757 [lael” + a, I‘]}d'ao d*a,

lal‘:

2 2 I
=Pz, a,)d’z,d"a, =WCXP {_ =

[1+ |:,|2]} la,|* d*z, d?a,

Integrating over «,, we find

) 1 1

onf ~ — - [

-/('-l) <p(~l)> 7T(1+|:1|2)2

in agreement with (4.7). A polynomial like (4.4) generalizes this result to
arbitrary N. The validity of the equidistribution of roots for arbitrary N is,
however, related to the Gaussian nature of the distribution of the coef-
ficients. We have numerically tested other distributions. For example, we
find that for a uniform distribution of the coefficients in the interval
[ —1, 1], the distribution of roots tends to be uniform only for large values
of N.

To conclude this subsection, let us mention that correlations between
roots of random SU(2) polynomials were recently studied in ref. 26 and
compare to results obtained from quantum chaotic systems. Moreover, the
general k-point correlation functions were also recently computed analyti-
cally by Hannay.'*”

4.2. A Physical Example

In order to illustrate the theorem (4.7) we consider a kicked-spin
model, classically defined by the Hamiltonian

H=§J§+;¢J,\. Y S(t—n)

n=—2x

where i and p are constant parameters. Integrating over a period 4t=1,
we find that the equations of motion take the form of a discrete map

J(:;-&-l):R“.(#) R_.(pJ‘_.’”) J(n) (48)
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R,(1) represents a rotation around the ith axis by an angle A, and
J=(J,,J,.J.). The quantum mechanical analog of Eq. (4.8) is the one-
step unitary operator

cexpf 4 _irp
U—exp< h,uJ,\.) exp( hZJ"> (4.9)

acting on a (2J+ 1)-dimensional Hilbert space. The stationary equation
(4.3) determines the eigenphases w, and eigenstates |i,> of U. According
to the result (4.7), for parameters (x, p) for which the classical map (4.8)
is dominated by chaotic trajectories we expect the zeros of the polynomials
{(4.4) associated with the eigenstates of U to be uniformly distributed over
the Riemann sphere. Before checking this, let us briefly mention some
properties of U.

The operator U is not generic, since it has two symmetries: it com-

mutes with two antiunitary operators'>®’

T, =e™:e"sK, T,=e "™ K

where K is the usual antiunitary complex conjugation operator. These
operators satisfy T7=T3=1 and the time-reversal property T,UT, =
T,UT,=U"". These two symmetries are nongeneric in the sense that (a)
they are not just the conjugation operator usually connected to time-rever-
sal invariance and (b) they depend on the parameter x controlling,
together with p, the dynamics of the system.

Because 77 =1, the existence of an operator T, commuting with U
implies that the eigenstates of U can always be chosen T-invariant,
T|¢,> =|¢,>. In the coherent-state representation, this latter equation
imposes a functional equation on each polynomial (=),

Yo (7(2)) =.(2), i=1,2; a=1,.,2/+1 (4.10)

where 7;, i=1,2, are the classical versions of the quantum operators T,
which associate to each point of the classical phase space = an image t,(z).
Each of these transformations has a symmetry line, defined by the set of
points z satisfying 7,(z) =z. In terms of the canonical conjugate variables

(¢, cos 8) spanning the sphere, the two symmetry lines are given by

cos = +——— — sin ¢ U
[sin® ¢ + (1 Fcos u)/(1 +cosu)]'”

(4.11)

where the upper and lower sign holds for the T, and T, symmetries,
respectively.
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Because of (4.10), if z, is a root of y(z), then 7,(z,) will also be a root.
According to the results of Section 3, if the roots are symmetric with
respect to a line and if the coefficients of the polynomial are random, we
expect a concentration of roots over that line. In the present case, we have
two symmetry lines. Figure 6a shows the superposition of the 60 roots of

cos= (]

(C)

co= (]

) |

Fig. 6. Phasg-space distribution of the zeros of eigenstates of a chaotic system. In the three
parts of the figure we have superimposed the 60 roots of the N+ 1 =61 cigenstates obtained
by numerical diagonalization of the kicked-top map (4.12) for u=1 and p=4n. (a) t =0,
where two antiunitary symmetries exist. We observe a concentration of roots over the two
associated phase-space symmetry lines given by Eq. (4.11}. (b) =1, both symmetries are now
broken, but there is still a concentration of roots on the symmetry lines. (c) =6, all vestiges
of the symmetries have disappeared, and we recover a uniform-like distribution, in agreement
with the prediction {4.7).



664 Bogomoelny et al.

the 61 eigenstates obtained by a numerical diagonalization of (4.9) for
J=30, u=1, and p=4n, which classically looks fully chaotic.'®’ We
observe the expected concentration of roots over the two symmetry lines,
a free-of-roots region close to them, and a tendency to cover in a more or
less uniform way the remaining phase space (see ref. 26 for more details).
Although we have not computed analytically, we suspect that the con-
centration of roots over those lines is not macroscopic (i.e., asymptoti-
cally tends to zero), like the number of real roots of random polyno-
mials having real coefficients. In this context, let us mention that it has
been shown recently'!? that the asymptotic fraction of real roots of an
SU(2) polynomial having real coefficients is 1/\/]T/. This should be com-
pared to the log N/N fraction valid for the original problem proposed by
Kac.

In order to break both antiunitary symmetries 7', and 7, we add an
extra term in the propagator

it H i,
U=exp<——ﬂ.l_:>exp<—E,uJ.\)exp(——z—/;pJ;) (4.12}

Figures 6b and 6¢c show the superposition of the roots of the 61 eigenstates
for the same p and x4 as in Fig. 6a for =1 and 1 =6, respectively. After a
transition regime where the symmetry lines are still observed (even though
the symmetry has been broken), for t =6 the roots spread in a more or less
uniform way over the whole phase space, as predicted in Eq. (4.7).

Notice that although in order to have better statistics we have super-
imposed in the figures the roots of all the eigenstates, the ergodic theorem
(4.7) holds for individual eigenstates. However, a direct numerical test
based on a single eigenstate would need much higher values of J.

For other systems having different phase spaces, it is natural to
expect—guided by semiclassical intuition—a result equivalent to Eq. (4.7),
at least in the semiclassical limit. And indeed a related result was recently
found'*® for the usual Bargmann representation*®’ of quantum mechanics.
This is a representation of Hilbert space in terms of entire functions

Uiz)= Y ek (4.13)
k=0

The associated phase space is the two-dimensional plane labeled by the
canonical variables (g, p), and z=(q—ip)/ﬁ. It was shown that if the
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coefficients {a,} in Eq. (4.13) are GRI distributed with all the second
moments equal, the zeros of Y(z) are uniformly distributed over the whole
plane. Moreover, if the sum in Eq. (4.13) is truncated at a finite value N,
then the density of roots is uniform inside a circle of radius \/N and tends
to zero outside. Generalizations to other geometries as well as the
autocorrelation function of (z) have also been considered.'*’

5. CONCLUDING REMARKS

We have studied the distribution and correlation of roots of random
polynomials under several conditions. In Section 3, we have explored,
motivated by the problem of the semiclassical spectral properties of chaotic
systems, different ways to increase the number of roots of a random poly-
nomial located on ¥, and studied correlations between the roots. If all the
coefficients of the characteristic polynomial have the same standard devia-
tion, then asymptotically the self-inversive symmetry locates a fraction
l/\/g of the roots on % with a variance inversely proportional to the
degree of the polynomial (Section 3.3). The two-point correlation function
of these zeros behaves linearly for short distances (Fig. 3). However, if the
standard deviations are not equal for all the coefficients, but instead are
given by o, =k "', then the fraction of roots lying on % tends to one as
N — oo. But the convergence is slow (logarithmic), and the two-point
correlation function much more crystalline-like (Fig. 5). Surprisingly, and
unlike the case of standard polynomials with real coefficients (the problem
of Kac), we were able to compute explicitly the exact fraction of roots lying
on % and their two-point correlation function for arbitrary N and arbitrary
variances.

To improve by less artificial means the number of roots lying on 4
we need to incorporate additional correlations between the coefficients.
However, no simple procedure exists, and the exact conditions for all the
roots of the characteristic polynomial to lie on % are certain complicated
determinantal inequalities for the coefficients (see, e.g., ref. 4).

The self-inversive property arises naturally in other problems of
physics, as in the case of certain Ising models in statistical mechanics where
the partition function takes a polynomial form when written in terms of the
fugacity.*"’ There, the SI symmetry is connected to a spin-up/spin-down
(or particle-hole) symmetry of the system. As shown in ref 31, under
certain assumptions all the necessary correlations implying unitarity are
present and as a consequence all the roots of the partition function lie on
%. In ref. 32 the reader can find additional examples and references concer-
ning the distribution of roots of partition functions in connection with the
theory of phase transitions.

822 85 5-6-11



666 Bogomoliny et al.

Another famous example of concentration of the roots of a certain
function on some simple curve in the complex plane is provided by the
Riemann zeta function {(z). This function, which has no explicit random
parameters entering its deﬁnition, satisfies the functional equation
&1 —z)=¢&(z), where &(z)=nr""I(z/2){(2) Accordingly its roots are
symmetric with respect to the critical lme Re(z)=1/2. The Riemann
hypothesis asserts that all the nontrivial roots of {(= ) lie on that line.

In Section 4 we have shown that if we assume for the coefficients {a,}
a GRI distribution with second moments equal to ﬂ, then the roots of
the eigenstates of a classically chaotic spin system, Eq. (4.4), are uniformly
distributed over the phase space (in this case, the two-dimensional sphere).

APPENDIX A

In this appendix we compute the average density and average fraction
of roots lying on % for a self-inversive polynomial of the form

N—1
P(z)=1+ 3 auzF+:V, Qy_p=4a, (A1)
k=)

for arbitrary N. The coefficients «, are assumed to be complex independent
variables having a Gaussian distribution

1 1 M
G (— > s’ > (A2)
=1

where M = (N —1)/2 (N is an odd integer). By the substitution = = exp{(i0),
the problem reduces to the computation of the average density and average
number of roots of a real function in the interval 0 <0 <2n [cf. Eq. (3.9)]

DAy ey ) =

|
2

=COos <— ()) +I\§—,:l {(‘k cos [ <g—k> ()] +d, sin [ <§~k> 0}} (A.3)

where ¢, = Re(a,), d, =Im(«,). The derivative of this function with respect
to fis

ro= =3 (50)- 2 {5-)an] (5-4)7
(k) o] (2-4)]] "

S0y == e ™7 Plexp(if))
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The density of roots of f(#) is defined by
p(0) =3[ f()] |/(6)]
and using the Kac representation (3.12) for [ /] and |f’|, we get
1 — ()il]V/"llIl

1 « N ”
= . gl r-c .
p(9) 72 J B ¢ e J,,, dn '72 (A.5)

In order to compute the average of p(0) over the ensemble (A.2), we
proceed in the following way. We first replace f{f) and f'(#) in (A.5) by its
definition Eqgs. (A.3) and (A.4). Then we average p(0) over the coeflicients
¢, and d, (it can be shown that the order of integration can be inter-
changed),"®’

x.

. J“I da,---da, p(0) Z(a,,.., ay) (A.6)

- -7

p(0)y = |

The final step is to integrate over 5 and &

1. We will need the average of e~/¢”’. Prom (A.3) and (A.4) we have

Al
Ef+nf' =& cos <g0>—gﬂ sin <g()>+ Y (spep+tedy)  (AT)

k=1

o] (4-8)] (3-8 n (35}

where

(A.8)
. N
t,=¢sin [(5—k> ()] +<§—k>q cosli(%—k) ()]
From these equations and the fact that
1 R 2 20ty 4 h PRI
j e i e b gy = bl 2 (A9)
2ray” -

we get from (A.6)

(e /ey =exp {i [ ¢ cos <g 0> B g 7 sin <g 9>] } *

1Y . .,
xexp{—z Y (s;+r,;)a;}
k=1
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But 57 + t; = &2+ (N/2 — k)*n> Then, defining

M

2

g1 = Z Ok
k=1

N L
L inf 1 ) ) . N
(eI =exp [ -3 (g,& + g:l]')} exp {1 [cos <5 f)) é

N . (/N
—581n<50>l7:|} (A.11)

Note that the functions g, and g, contain all the information concerning
the variances of the random coefficients. For =0, the result is

(A.10)

Mz i

82=
k

we can write

ey =ap(- S oo [rems(Sa)e]  am

Then from (A.11), (A.12), and (A.5)

1 /= 1 . . N
o0y =5 dtewp| — 5o vicos(To) é]

= dy 1 , N. (N
xj_l’l—:{l—exp[—Egzll'—lism(z()));]} (A.13)

2. The next step is to evaluate the integrals in (A.13). The integral
over 7 can be written

I(/)’)=Jj %{1 —exp(ﬂnz)exp[ —igsin <g0> 17]}

where f=g,/2. Since

oI 5 N . (N
a—ﬂzjdz7 exp( —fn-)exp [ —i7sin <5 0) 17]

=\/§exp[_f_;sinl<§0>/ﬂ}
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and, from (3.12)

I(ﬁ=0)=f_ac %{l—exp[—igsin<¥0>q]}=%v

then

/N B dy N . 5 E
sin <30>|+\/7_TL ﬁeXP[—RSIH <2 0)/)’} (A.14)

Moreover, the integral over & in (A.13) is

fx déexp[—%glfz+icos<%,0>é] =\/§—nexp[ —cosl<g()>/2gl]
. 2 |

(A.15)

Doing the change of variable x =./y/f in the integral of Eq. (A.14), we
find the final result for the average density of zeros on %,

o(0) =exp[ —cos*(N0/2)/2g,] {g‘sin <g 0)’

Vv 2ng,

g (', NS N ,
+2\/;L d.\exp{ N?sin <26)>/(8g2.\ )]} (A.16)

3. The average fraction of zeros lying on % is defined as

I p2n
=— 0)> db A7
Gy =g <oton (A17)
The integral involving the first term between curly brackets in (A.16) can
be rewritten (by an obvious change of variables)

2n N
J p —COSHNO/2)/12g1)
0

N 2 Nm ;
; 0 = d —cos™(e)/(281) gy
sm<2 9)’(1 NL v e [sin @]

The function to be integrated is periodic of period #, and since sin ¢ is a
positive function in that interval the previous equation takes the form

n , 1/a ,
ZL dp e~ \72gn cos’e sin(p=2\/‘ZJ~ B dy e~ (A.18)

—l/\/g_|
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The integral over the second term between curly brackets in (A.16) can be
written, putting ¢ = N8/2 and by the same argument as before,

J] dx Jzn dd exp {—[cosl <E 0>/g, + N?sin? <ﬁ 9)/(4g2x2)J/2}
0 0 2 2

' g cos’p N?sin?
:7 C - .
_kmkwaﬁ [&'WExEV% (A.19)

Putting together Eqgs. (A.16)-(A.19), we obtain the fraction of zeros lying
on €,

1 11/

_ =y
== trew ()

2 fg. ! n 1 s N sin® (p)]
— [==]| dx| d —| =— cos” 5 A20
+7rN gljo \J.O (pexp[ <2glcos <p+8g2 = { )

Both results {A.16) and (A.20) are valid for arbitrary N and arbitrary
variances 6;, k= 1..., M. Moreover, both expressions are the sum of two
terms: the first one in each expression is related to the term 1+ 2" in (A.1),
while the second comes from the random part of the polynomial. In the
case where all the variances are equal, o7 =g~ Vk, then the coefficients g,
and g, reduce to

M
gi=0>) l=c}N-1)2

k=1

, M N 2 , N3 NZ N
a=r' T (374 = (55 +33)

k=1

(A.21)

In the limit N — o0, g, ~0>N/2=¢%/2 and g, ~ 0’N?*/24 =¢>N?/24, where
we have introduced the scaled parameter ¢ =a/\/IT/. Replacing these
asymptotic expressions for g, and g, in (A.16) and (A.20), we find that
{p(0)> and {v)> depend only on the rescaled parameter &, and are given
by Eqs. (3.14) and (3.15), respectively.

On the other hand, when |g,| > | Vk, then g, and g, — o0 and we can
ignore the first term in {A.20). In this case [the pure random limit, which
corresponds to neglecting the term z¥+ 1 in P(z)]. the fraction of roots
lying on %, Eq. (A.20), reduces to Eq. (3.20), which in turn simplifies to
Eq. (3.17) if all the ¢’s are equal and if we keep only the leading term in
1/N. Moreover, the average density of zeros tends to

1 /g,
pld)y == &2 (A.22)
nN g

1
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APPENDIX B

We compute here the average two-point correlation function
Ry(7) =< p(0) p(6 + 1)) (B.1)

for the roots lying on % of a self-inverse random polynomial of the form

N
P(z)= Y a.zk Ay _p=dy (B.2)
k=0
where the coefficients a,, k =0,..., (N —1)/2= M, are complex independent
variables having a Gaussian distribution (A.2) (we again assume for sim-
plicity that N is odd; for even N, we must take M = N/2). Substituting
z=exp(if) in (B.2) and ignoring prefactors, we end up with the real function

1) =k§0 {c,\. cos[(%—k) 0] +d, sin [ (g—k) ()” (B.3a)

where ¢, =Re(a,), d, =Im(a,), and whose derivative is

Al _éo {G_k) € sin [@_k) 0} B @_k) e [ <§_k(>:3]b})

The function f(#) has, as shown in Appendix A, an average number N/\/g
of zeros in the interval 0 <6 < 2xn. Moreover, since {p(#)) is in this case
independent of @ [cf. Egs. (A.22) and (3.18)], R, depends on 7, but not
on 0. Using the definition (3.11) of p(8) and Egs. (3.12), we can write the
two-point correlation function as

p(6) p(0+r):a%””1 ge, e,

- m 1>

X eiénf((l)eis’:,/'(lu r)(l _ ei'llf'((l))( 1 — 6,iflzf'l(H-r)) (B.4)

We proceed as in Appendix A. We first replace Eqgs. (B.3) in (B.4) and
compute the average over the coefficients (¢, d,) according to the defini-
tion (A.6). We evaluate the integrals over &, and »,.

1. We will need (exp{i[& f(O)+ &, f(O+T)+n, /" (O)+n. /" (O+1)1} ).
From Egs. (B.3)

M

E SO+ f0+T)+n, (D) +n /" (0+7)= Z [(se+up) e+t +u)di]

k=0
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where

se=&,cos[{N/2—k) O] — (N/2—k) n,sin[(N/2—k) 0]
t,=¢sin[(N/2—k) O8]+ (N/2—k)n,cos[ (N/2—k) 0] (B.5)
U =E,Cos[{N/2—k}NO+1)] —(N/2—k)nysin[ (N/2—k)O+1)]

v = SIN[{N/2—k}O+1)] +{N/2—k)n;cos[ (N/2—k)(0+71)]

Averaging over the Gaussian ensemble gives

Cexpli[ &, f(O)V+ &, fO+T)+n, ' (0)+n, [(O+7)]}D

M
=exp {—% Y [se+up)® + (1 +v)7] af,}

k=0

But

(Se+ue )+ (1 + 0 =T+ E+ (N2— k)Y (ni +13)
+2[&, &+ (N2—k)’nyn,] cos[(N/2—k) 7]
+2(N/2—k)(&amy — &y m2) sin[(N/2 —k)r]

which is independent of 8, as it should be. Then, defining

M

&= z ‘7/%
k=0

M
g:= Y. (N2—k) o;
k=0
M
gi= ) cos[(N/2—k)t] o} (B.6)
k=0
M
ga= —0ga/0r= Y (N2—k)sin[(N/2 —k) 1] o3

k=0

M
gs=—0°;/0t*= Y (N/2—k)*cos[(N/2—k) 1] a;

k=0

we obtain the result
Cexpli[E f(O)+ & fO+T)+n [0+ f1(O+7)]})
=exp{ —[g/(&T + &) + g2(n1 +13) + 281+ g5 1)
+2g4(&am, _51’72)]/2} (B.7)
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From this expression the average of the different terms appearing in (B.4)
can be evaluated, with the result

1 x d’]ldﬂv —[g(&T+&3) +2¢:¢,¢,]
R*:('d—ﬁj]ijy ldé7—T "2 Xp( B >

T\ 2

_ 142 2 —\562 %— 2
x{l—exp( (gz'71+_g4f~17,)>_exp< (82715 2g4f|'7-)>

2 2

—[gz(lﬁ +'7§) +2g5’712’72 +2g4(&an, —51’72)]>} (B.8)

+exp<

2. The next step is to compute the integrals in (B.8). The integrals
over &, and ¢, are straightforward, since they involve exponentials of
quadratic forms:

1 ~ dn, dip,
Rz(f)zﬁ” —3 73
2n° /gy — g3 = v 12

x [1 _ ()—au]%/l _()—:u]%/.? + ()—1(”%+I[§)/2€—/f}]]!]3] (B9)

where we have introduced

a=g, -, =gs— (B.10)
- 7 IS
Consider now the integral
I(IB) _ ‘-J-/ d’7’l d’]ﬁz [1 _e—xqf/l _e—au]i/l +E_1"’f+"§)/2(’_”’“”2] (Bl 1)
N M
and write it in the form
al B ¥
I + + | dx | dyI"(v B.12)
B1=1Pp oot gg)  p+ [ dx [ dyrtr) (

From Eq. (A.15) evaluated at § =0 we get the first term of the previous
equation,

Il,' . _‘” dl7l d’7_7 (1 _e_y,f/z)(l _e—a;)§/2) = 2na (B.13)

—ff’7| N3
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Moreover

g= — ‘UI %diz_e—a“/f+'/§)/le—/fr/wz
op - My 72

implying 01/0f|;_,=0 by antisymmetry. Furthermore,
o’ o y

Py dn, dn, e XN 2o =B

op? ”#w fyanse e pep

and integrating twice, we obtain
2n (B T3
j dvj dy s —27z[ﬂarcsm <;)+ a'—ﬂ‘—a] (B.14)

We thus obtain, substituting in (B.12) the different terms,

I(f)=2n [ﬂarcsin <g>+ al_ﬁz]

Then the exact average two-point correlation function, valid for arbitrary
N and arbitrary variances, is

1 . 2 2

Rz(t)=7—7——7[ﬁarcsm <é>+ oc'—/)’“] (B.15)
n /81— & @

The sums (B.6)—needed in the computation of the coefficients x and f—

can be evaluated explicitly if the variances are equal. We find

gi=0N+1)2
g, =0%N*/24 + N*/8 + N/12)
gy=0c?sin[7(N +1)/2]/[2 sin(7/2)]

o’ sin(tN/2 )}
4 sin(t/2) sin{7/2)

_a_2 sin(tN/2) cos(t/2) N_2 1
g“4{ sin(z/2) [ ]

ga=— {Ncos[t(N-H)/Z]— (B.16)

2 sin¥(z/2)

+N ﬂ)ﬁ _
°°S<2 [2+sin2<r/z>]}

In this latter case, taking the limit N — oo, T — 0, Nt — const, and nor-
malizing R, to the square of the asymptotic mean density (3.18), we can
rewrite Egs. (B.15), (B.16), and (B.10) in the form (3.25)-(3.26).
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APPENDIX C

We prove here the theorem (4.7), stating that the average density of
roots of a polynomial of the form

Yiz)= > JCkaz* (C.1)
k=0

is uniform over the Riemann sphere for arbitrary N. In Eq. (C.1) the coef-
ficients a,, k=0,.., N, are assumed to be complex independent variables
having a Gaussian distribution with the same standard deviation ¢, = ¢ Vk,
and the C% are the binomial coefficients CX = N!/k! (N —k)!.

We want to compute the density of zeros of a complex function in the
complex plane. By definition

dRe(y) @ Re(y)
0 Re(z JIm(z
p(z) =3[ Re(y(=))] [ Im(y(=))] | Inf((w)) ; I::((l//)) (C2)

0 Re(z) 0Im(z)

By the Lemma 7.1, p. 150 of ref. 3, concerning the Jacobian of complex
analytic functions, (C.2) can be rewritten

d
pl) = LRty L Imi(21)] [ (€3)
We will use, for convenience, polar coordinates in the = plane,
z=re"
and write a, = ¢, + id,. Then, from (C.1),
S(r, @) =Y(z=re?)
N
=) { C*, r*[ ¢, costkg) — d, sin(ke) ]
k=0
+i/Ck r*[d, cos(ke) + i sin(k(p)]} (C4)

Moreover,

dy 3 % k-1
= Y JCikaz

k=0
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and then, in polar coordinates,

l -

To compute the average over the Gaussian ensemble we will only exponen-
tiate the delta functions in (C.3), but not the Jacobian. Using the expres-
sion (3.12) for the delta functions and (C.4)-(C.5) for f and the Jacobian,
respectively, we can express the density (C.3) as

CXCl (e, +id e, —id) rk+!=2e’k=bek]  (CS5)
N

k. I=0

N

I ’ Ok
o, @) = ” d{,dé{z C k(24 ) puk 1

(2r)*d0
N
Cﬁrc;\' ki{cee,+dd+id.c,— ¢, d)] phri=2eik ”’"}
kti=0
N
xexp{Z %, ,,+/f,,d,,)} (C6)
n=10

where
a,=i/Chr'[cos(ng) &, +sin{nep) £,]

(C.7)
B,=i/C%r"[cos(ng) &, —sin(ng) ¢, ]

1. The average over the coefficients ¢, and 4, in (C.6) involves
expressions of the type

N
<C7£| dlh exp { Z a,c, +ﬁu n }>
n=0

where the symbol (-) represents the average over the ensemble (2.3)
taking all variances o° equal; the parameters j; in the latter expression can
take the value 1 or 2. The computation is straightforward; for example, for
Ji=2and j,=0

2N
<CieXp{Z (a,c ,.+/5,,d,,)}>=02(1+<xf.02)exP {% Y (oc,l,+[f,3,)}

n=10 n=0

From (C.7) we can write

@+ fr=—Chrr(&+E3)

"
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and hence

N
<C/2\' €xp { Z ((X,,C,, +ﬂndn)}>
n=0

2

=01 +a;a?)exp {— gz—(l +r2)N(§f+éf)}

The other averages are computed analogously. The result of averaging
(C.6) is

plrop)y = 20—) ”, déldCQCXp[—%(1+)-2)N(é%+ég):‘
{ZC"k[2 o CRrME +E)] +o? Z NiaHaN
k#£1=0

xkl[apo,+ BB+ i( Broay— o f)] r¥/ =2t~ “"’} (C.8)

2. The integrals involving the first term between curly brackets in
(C.8) give

[[7 de, dea12—0Clr™ (&3 + DT exp{ —a?(1 + ) V(&3 + E2)

4n Chr
zal(1+r2)N[l_(1+, ) ] (€9

Moreover, from Egs. (C.7) it follows that

0o, + BBt i By — i f) = —/CRCly ¥ Hle~ ik =No(g1 4+ £3)

Using this result, we evaluate the integrals involving the second term
between curly brackets,

”" d¢, d¢, e~ MRS Vz[“k“/"‘ﬁkﬂ/‘*‘ i Bro,— o B)]

_ 4n . Nm,.k+/e—i(k—l)w (C.10)

g (1 +r7)
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Using Egs. (C.9) and (C.10), we can express (C.8) as

N l N 2
. ”"(A—I) CAk k-1
<o 0> =1 | 5 €% “rae( 2, )
(C.11)
In order to evaluate the sums, we consider the identity
Z Cyr¥=(1+r)V (C.12)

k=0

By differentiating Eq. (C.12) once and twice with respect to 2, we get

N AN
RN AL M PR (C.13)
k=0 a(r?)

and

: . 1+ a1+
k2 2k—1) _ .2
OCNk ! =1 a(,.z)z + 5(1‘2)

™Mz

k

=PNN=1)(14+r)" 24+ N1 +7)¥" (C.14)
respectively. Substitution of (C.13) and (C.14) into (C.11) gives, finally,

N d?*z
drdp=———= (C.15)

N
{plr, @) drdr d(/’——ﬁ 2 T+ 1)

A simpler form for the density of zeros is obtained projecting (by a
stereographic projection from the north pole) the complex plane into the
two-dimensional Riemann sphere (having unit radius), spanned by the
spherical variables (0, @)

=cot(f/2) ™

This transformation explicitly shows that, in fact the density (C.15)
uniform on that surface

N
<pll, o)) d()a'(p=4—sin 0 d0 do (C.16)
4
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